In this paper we propose the concept of fractal block design inspired by the geodetic properties of Moore graphs, which is a generalization of block design. As a result, we make sure that the missing Moore graph of degree 57 does not exist.
Introduction
Graphs with diameter d and girth 2d+ 1 are known as Moore graphs. They were introduced by Hoffman and Singleton [5] , which can be viewed as one of the prime sources of algebraic graph theory. For diameter d = 2, Hoffman and Singleton [5] showed that Moore graphs only exist for k = 2, 3, 7 and, possibly, for k = 57. From then on, many scholars focused their attention on Moore graphs about the properties, constructions, spectrum, etc., we can refer to [1, 2, 3, 4, 6, 7, 8] . However, the existence problem of the missing Moore graph of degree 57 is still an open problem until now. In this paper, we will use pure combinatorial methods to show that the missing Moore graph is really missing.
Preliminary
Inspired by the special structure of Moore graphs, actually the Petersen graph initially, we will propose the concept of fractal block designs to character those structure properties of Moore graphs, which is a generalization of the well-known block designs. Furthermore, the concept perhaps has many applications on distance-regular graphs in the future.
where V is a v-set (points) and B is a collection of b k-subsets (blocks) of V such that:
1.
V t can be decomposed into n subsets S 1 , S 2 , · · · , S n ;
2. any t-subset in S i is contained in exactly λ i blocks.
For a fractal block design D, we denote x i the weights of S i in V t , then n i=1 x i = 1. When n = 1, the fractal block design is exactly a block design. Furthermore, we have the following property of fractal block designs.
where øλ = x 1 λ 1 + · · · + x n λ n .
Proof. We count the number of t-subsets in two ways. On the one hand, the fractal block design D has b blocks and each block is a k-subsets, there are b k t t-subsets totally. On the other hand, V t can be decomposed into n subsets, we have
where øλ = x 1 λ 1 + · · · + x n λ n . This completes the proof.
We will denote by M the possible Moore graph of degree 57 of diameter 2 in the left. Then the girth of M is 5. According to the geodetic properties (that is, the existence of unique paths of shortest length between vertices) of Moore graphs, we have: Lemma 2.3 Let X be the Moore graph of diameter 2 and girth 5. Suppose that r 1 (rep. r 2 , r 3 ) is the number of pentagons in which each vertex (rep. each pair of adjacent vertices, each path of length 2) contains.
(1). For Petersen graph, (r 1 , r 2 , r 3 ) = (6, 4, 2);
(2). For Hoffman-Singleton graph, (r 1 , r 2 , r 3 ) = (126, 36, 6);
(3). For M, (r 1 , r 2 , r 3 ) = (89376, 3192, 56). Proof. Considering all the vertices and pentagons of X. Note that X is a strongly regular graph with parameter (k 2 + 1, k, 0, 1), there are only two cases for any two vertices u, v in X, as in Figure 1 However, there are in fact 3250 · r 1 /5 = 58094400 pentagons in M, this is a contradiction.
Existence of the missing Moore graph

